We study the thermodynamics of a quantum field in a spherical shell around a static black hole. We impose Dirichlet boundary conditions on the field and analyze their effects on the free energy and the entropy. We consider both bosonic and fermionic fields in Schwarzschild, Reissner-Nordström (RN) and dilatonic backgrounds. We show that the horizon divergencies get contributions from the boundary which, at the Hawking temperature are comparable to the bulk contributions. Moreover it is shown that the leading divergence is the same for all three geometries. Thermodynamics of the quantum fields are studied through the high temperature expansion. We give a derivation of the high temperature expansion in the presence of a chemical potential using Mellin transform and heat kernel methods.
Introduction
The analysis of thermodynamic properties of a quantum field around a black hole is an important step towards a deeper understanding the entanglement entropy of a black hole [1] [2] [3] . In this paper we consider a non interacting quantum field in a spherical shell around a static black hole, subject to Dirichlet boundary conditions, and investigate the effects of the boundaries of the shell on the thermodynamics of the quantum field. It is well known that the boundary conditions are necessary to define a sensible thermodynamics [4] ; the inner wall regularizes the horizon divergencies and the outer wall provides an infrared cutoff. We will consider both bosonic and fermionic fields in Schwarzschild, Reissner-Nordström (RN) and dilatonic backgrounds.
Our main result is that at the Hawking temperature T H the contribution coming from boundaries to the entropy is comparable to the one coming from bulk contribution. Here the distinction between bulk and boundary contributions stems from the heat kernel expansion for the Dirichlet problem; the boundary terms are those in the heat kernel expansion which arise from the Dirichlet boundary condition on the Laplacian. It is well known that the leading bulk contribution to the entropy is proportional to the area A H of the horizon. We will show that at the Hawking temperature the leading boundary effect is also proportional to A H and of the same order of magnitude as the leading bulk term. More precisely we will show that the entropy of the quantum field at T H is S = B A H δ 2 + C log δ 2 .
Here δ is a cutoff parameter regulating the horizon divergences (brick wall cutoff [4] ). Both coefficients B and C consist of a bulk plus a boundary contribution which are of the same order of magnitude. Moreover the coefficient B will be shown to be the same for all three geometries considered.
Instead of the original metric we will work with the optical metric which is related to the former by a conformal scaling. We will assume that the mass parameter m << T and employ a high temperature expansion to study the free energy and the entropy of the quantum field. We will also present an alternative derivation [7] of the high energy expansion via Mellin transform methods, without making use of the zeta function regularization. The resulting high T expansion is in complete agreement with the one obtained by the latter method [8] [9] [10] [11] [12] [13] [14] [15] . The leading order contribution to the entropy in the high temperature expansion was first calculated in [16] by a rather involved analysis. Later this result was reproduced in [17] [18] [19] by a simpler analysis based on the use of the optical metric [20] . Our leading order contri-bution will be in complete agreement with the one given in the above papers. Higher order corrections in the high temperature expansion were obtained by [21, 22] . A WKB analysis of the problem was given in [23] [24] [25] . For an extensive review of the black hole entropy problem see [26] .
In Sec. 2 we recall the optical metric construction and derive the high temperature expansion of the free energy for a neutral Bose field with nonvanishing chemical potential. We first express the free energy as a harmonic sum and then apply the Mellin transform method together with the heat kernel expansion. We also show how the resulting expansion is modified when one considers charged boson and fermions. In Sec. 3 we apply the results of Sec. 2 to static black hole backgrounds such as the Schwarzschild, the RN (including the extreme limit) and the dilaton backgrounds and derive the boundary effects on the horizon divergencies of the entropy, we evaluate the latter at the Hawking temperature and compare various bulk and boundary terms.
Thermodynamics Around the Black Hole
Consider the d + 1 dimensional static metric
The free energy of the Bose gas is given by
Here the ǫ σ 's are the single particle energies determined by solving the Dirichlet problem for the Klein-Gordon equation
by the separation of variable f σ (t, x) = e −iǫσt φ σ (x) [27] . Under the scaling transformation
the KG equation becomes
Here it is understood that the barred quantities are calculated with the new metric g µν . In particular if we choose Ω = F −1/2 we get the optical metric
where
Thus the KG equation in the new variables is
Since F does not depend on t we can still write the solution in the separated form f σ (t, x) = e −iǫσt φ σ (x). Thus we get the eigenvalue problem for ǫ σ 's
Defining
we get
Now coming back to the free energy, we write it as
Using the subordination identity
with
Defining y = βm let us write
and
Now the sum in (20) is a harmonic sum whose small y = βm asymptotic is completely determined by the poles and the residues of the meromorphic extension of the Mellin transform of F [28] . Recall that the Mellin transform of a function f (y) is given by
Let us also recall the definition of the Laplace-Mellin transform of f
The asymptotic expansion of f (y) is then given according to the following dictionary. If the Mellin transform has the singular expansion (≍ means the singular part of the expansion)
If f (y) is given by a harmonic sum
then it is easy to see that
Now we can apply this method to F (y). The Mellin transform is given by
But using the definition of the Laplace-Mellin transform [29] we can also write this as
Here
Now the singularities of this integral arise from the y → 0 limit. First let us use the heat kernel expansion
to get
Here K's are the modified Bessel functions of second kind. Using their series expansions we get
where b coefficients are
Here we listed only the first few coefficients that we will need in the following. Also note that for the Dirichlet problem the heat kernel coefficients are [30, 31] 
Here K is the trace of the extrinsic curvature of ∂B calculated with the inward normal. Now plugging (33) into (21), expanding the exponential pre-factor, and multiplying the series we get for small y
where the coefficients of interest to us are
Around −m (m = 0, 1, 2, . . .),
and we also have the simple pole of ζ at s = 1 
around s = d:
around
So the small y asymptotic of F is
Here using (38) we get
Specializing to d = 3 we get
In the case of charged bosons we have
In this expansion one eventually encounters the logarithmic terms arising from the double pole at s = 1. For example, at d = 3 the fourth term in the expansion is logarithmic.
Finally, for a Fermi gas we have
Again expanding the logarithms we get
The rest of the analysis parallels the bosonic case. Because of the alternating nature of the series expansion the Mellin transform now generates the Dirichlet η function instead of the Riemann ζ.
Unlike the bosonic case we do not have a logarithmic term in this expansion since the η function is entire and consequently the poles of the Mellin transform are all simple.
Boundary Effects in Black Hole Backgrounds
We will consider Schwarzschild, Reissner-Nordström (RN) and dilaton black holes in 1 + 3 dimensions and calculate the free energy and the entropy for a neutral Bose field. For charged bosons and charged fermions the results can be written down at once with the minor modifications explained at the end of Sec 2. In all three geometries the metric has the general form
where a = 0 for Schwarzschild and RN space-times. We will take B as the "spherical" shell defined by r 1 ≤ r ≤ r 2 with r 1 = r H + ǫ, where r H is the radial coordinate of the horizon and ǫ is the brick wall cutoff. The optical metric is
The quantities needed for the calculation of the heat kernel coefficients (36) are then as follows. The volume element is given as
The area element of a constant r surface is given as
On the other hand,
The inward normal to the inner wall is given by the value at r = r 1 of the vector field
and the trace of the corresponding intrinsic curvature is
Setting µ = 0, we get
and the entropy is given as
Schwarzschild Black Hole
We will now specialize to 1 + 3 Schwarzschild geometry for which
Now using (56) we get the volume of B as
Therefore
Similarly using (57) the area of ∂B is given as
So A diverges as
At O(T ) the bulk contribution is
At the same order the boundary contribution to the horizon divergence comes only from the integral over r = r 1 and is seen to be
If we compare various bulk and boundary terms appearing in the coefficients of the expansion (62) we get
Thus for generic values of T we see that the boundary contributions are suppressed against the bulk contributions by inverse powers of M. However we must evaluate the entropy at the Hawking temperature T H which is O(M −1 ). In this case we have for example
and the boundary contributions become as important as the bulk terms. At this point we evaluate the entropy (62) at the Hawking temperature
We also trade the cutoff ǫ with the proper length cutoff δ
The result is
Here L is an infrared cutoff which may be taken as the radial coordinate of the outer wall of B. The terms proportional to ζ(4) originate from the leading O(T 3 ) term of the high temperature expansion which is proportional to the optical volume and are in complete agreement with the results of [16] and [17] . Moreover the dependence of S on the cutoff δ is of the right form for the cancellation against the divergencies in the reciprocal of the bare gravitational constant [5, 6] .
Reissner-Nordstörm Black Hole
For the RN background we have
Thus using (56) we get the volume of the spherical shell as
thus
Similarly using (57) we get
We use (58) to get 
General expression for the extrinsic curvature over a r = constant surface is
Finally, using (60), the surface integral of extrinsic curvature over the inner wall of B is
Now evaluating S at the Hawking temperature
A H = 4π r 
Note that the coefficient of the δ −2 term is the same as in the Schwarzschild case.
Dilaton Black Hole
For the dilaton metric
and consequently we have
Integrating over the inner wall of B gives
After setting A H = 4π 2M(2M − a), T H = 1/(8πM) for the entropy we have;
Note that the coefficient of the δ −2 term is the same as in the Schwarzschild and RN cases.
